The layered sphere problem can be solved by using a multipole expansion in each layer and imposing the appropriate boundary conditions. This direct approach has some drawbacks because it can be numerically badly conditioned. We show that a tranmission line (TL) formalism can be used to solve the problem and that this approach is better conditioned than the direct approach. The corresponding TL is inhomogeneous because it has a characteristic impedance which varies with the radius and which also depends on the direction. We show how the classical TL expressions can be generalized to take into account such an inhomogeneous TL. Both formalisms are applied to a configuration representative of a metal detector (MD) above a magnetic soil. For such a configuration, a large number of the terms is required in the expansion and the direct approach fails in computing the high order terms because of numerical saturations. In contrast, accurate results are obtained with the TL approach.
INTRODUCTION
The solution to the layered sphere problem is a direct extension of the Mie solution for a sphere [10] . It has been used to model many problems such as the human head [7] or a stratified lens [9, 6] . In those application, a direct approach, in which a linear system of equation is build and solved, is used.
In contrast, for the planar layered medium, a TL analogy [5] is often introduced and the solution is based on a recursive propagation of the reflection coefficient from the first to the last layer and then in the reverse direction.
This analogy allows for a better understanding of the underlying physics and also leads to more tractable and well-known formulas. We will show that an equivalent TL can also be defined for the layered sphere problem 1 . The equivalent TL is however inhomogeneous because the characteristic impedance varies with the radius and is also function of the direction. This inhomogeneity implies that the classical TL formulas must be generalized. We will show how this generalization can be performed. In all cases, the classical formulas are recovered if an equal impedance is used for both directions.
In both cases, a modal expansion of the fields is used. In the the first case, the unknown are the amplitudes of the modes, whereas in the second, they are the reflection coefficients. There exists a non-linear relation between those unknowns. Therefore, both approaches can significantly differ from a numerical point of view. We will show that this indeed is the case and that the TL approach is better conditioned.
In [1] an intermediate approach is followed in the sense that generalized reflection coefficients are computed from the interface coefficients as in the TL formalism but the interface coefficients are directly computed from the medium electromagnetic (EM) properties. No characteristic impedance is defined and the resulting formulas are therefore less tractable. Furthermore, the reflection coefficients are defined as a ratio of multipole amplitudes instead of a field or voltage ratio as is classically done for TL. There therefore exists a multiplicative factor between the coefficients defined in [1] and those defined in this paper. This implies that the classical interpretation of the TL transmission and reflection coefficients are lost in [1] . For example, a reflection coefficient equal to one does not imply total reflection.
Appart from a reduced physical interpretation, the multiplicative factor can result in numerical problems. Indeed, the factor is function of the radius and of the medium properties and it can take extreme values. This problem is recognized by Chew [1, p. 152 ] who suggests a renormalization.
1 stricto sensu the equivalent schema is not a TL because the differential equations governing the voltages and currents are not those of a TL but this has no practical consequences for uniform layers because an analytic solution exists in each layer and the differential equation must not be solved.
The paper is organized as follows. Section 2 presents the layered sphere problem and its direct solution. Then Section 3 presents the TL approach and Section 4 makes the link with the expressions found in [1] . The direct and TL approaches are compared from a numerical point of view in Section 5 for a configuration representative of a MD above a magnetic soil. Finally, Section 6 concludes this paper.
LAYERED SPHERE
The problem considered is depicted in Fig. 1 for the 3-layers case. Each layer is assumed homogeneous and characterized by its electrical permittivity 2 i and magnetic permeability µ i . When sources are present in a region R i , the total fields are first split in an incident and scattered component:
where the incident field is the field that would be produced by the sources in R i if all space was filled by the medium in R i . 
2 as is classically done in the frequency domain, for a conducting medium, the conductivity σ is combined with the permittivity to define an equivalent permittivity σ = + σ/jω and the subscript σ is dropped 3 The time dependency assumed in this paper is e jωt whereas Stratton uses e −jωt Equ. (2) expresses the fields as a weighted sum of modes characterized by the type (t = T E for a transverse electric field and t = T M for a transverse magnetic field), the parity (p = o for a odd field and p = e for an even field), m = 0 → n, the order n = 0 → ∞ and the direction of propagation d = (in, out).
The spherical multipoles can be expressed as follows:
where η = µ/ is the characteristic impedance of the medium and m m m 
n n n
where u u u e o mn and v v v e o mn are transverse vector fields and w e o mn is a scalar, all function only of the angular coordinates (θ, φ):
In the above equations, (R, θ, φ) are the spherical coordinates, ( r r r , θ θ θ , φ φ φ ) are the corresponding unit vectors,
means the derivative of f (ρ) with respect to ρ, P m n is the associated Legendre function 4 , z (in) n = j n is the spherical Bessel function of first kind and z (out) n = h n is the Hankel function of second kind and N 2 is a normalization factor.
We will denote the multipole expansion (2) by
β where α and β are vectors-as indicated by the lower bar-built by the concatenation of the expansion coefficients. The superscript 'd=in' and 'd=out' have been replaced respectively by a left and a right arrow to improve readability.
For the incident field, a multipole expansion can also be used, but only outside the source volume:
where R − and R + are the inner sphere and outer spherical shell excluding the source volume. We assume that all sources are remote from the interface. Therefore, Equ. (9) can be used at the interfaces of the source region.
The coefficients of the multipole expansions can be computed from the source distribution [2] : (10) where V s is the volume containing the sources. The double arrow indicates that the coefficient of the outgoing multipole can be obtained from the dot product of the current and the field of an incoming multipole and vice versa. The expression for ← − − → β pmn can be obtained by replacing TE with TM in (10) .
Imposing that the boundary conditions are satisfied at each of the s interfaces yields, for every (t, p, m, n), 2s linear equations in the 2(s + 1) unknowns
. Two additional conditions can be derived from the behavior at the origin and at infinity:
leaving a square system of linear equations from which the unknowns can be determined by simple matrix inversion. This is will be called the direct solution to the problem.
TRANSMISSION LINE FORMALISM
The TL formalism has been used to solve the planar layered problem amongst others in [5] . The analogy with a TL is obtained by defining voltages, currents and impedances. The problem is then solved by propagating the reflexion coefficient across the interfaces.
By analogy, we define voltages and currents as follows:
The currents and voltages are further split as:
where ← − V , and ← − I are the ← − α contribution and we have dropped the (p, m, n) subscript.
One can show that the fields are then related to the voltages and currents as follows:
which shows that the boundary conditions translates into the continuity of V and I at the interfaces of the equivalent TL illustrated in Fig. 2 . One then define the characteristic impedances:
A similar expression can be developed for the 'TM' case. The plus and minus sign must be used respectively for the outgoing and incoming mode.
When comparing to the planar case, one notes that the characteristic impedances are function of R and that they are different for the incoming and for the outgoing mode. They however satisfy a relation identical to the one established in [10, Equ. 43 p. 355] for cylindrical waves : η
One can further check that, as expected in the far field (ρ 1), both outgoing impedances tend toward the unbound medium impedance:
We now define the wave impedance:
and the reflection coefficient:
where the right arrow indicates that one looks towards the outer regions and that all sources are located inside the radius of interest. Similar expression can be developed for the other direction.
We finally define the propagator for a given quantity X between two points at radius R a and R b as follows:
The propagators for ← − − → V and ← − − → Γ can easily be computed from Equ. (13).
We will use simpler notation when quantities are considered at the interfaces. P [i,j] (X) is the propagator between interfaces i and j. X One can easily show that:
and
Those relations between Z and Γ reduces to the classical results [8, Sec. 4.1.7] when ← − η = − → η which is valid for a planar layered medium.
Using the above expressions and noting that the wave impedance is continuous across an interface, one finds the following relation between the reflection coefficients at both sides of an interface:
where
is the determinant of the scattering matrix of the two-port describing the interface. The scattering matrix relates the modes flowing into the two-port (
In the above equation, The interpretation of the expression relating − → Γ on both sides of an interface by time-domain multiple reflexions is well-known for symmetric lines [8, p. 102 ]. This interpretation also holds for the inhomogeneous lines considered here as can be seen by introducing the Taylor devel-
Noting that − → Γ is null in the outer region, using P [i+i,i] (X) to propagate − → Γ from the outer to the inner interface of each region and Equ. (24) to cross the interfaces, we can compute − → Γ recursively from the outer to the inner region.
← − Γ can similarly be propagated from the inner to the outer region.
One can then propagate the voltages from the source region to the outer and to the inner regions. For this, we first have to compute the scattered voltage at the interfaces of the source region. One can show that the following expression can be used: 
COMPARISON WITH EXPRESSIONS IN CHEW
In [1] , transmission and reflection coefficients have also been defined. For the TE case, the generalized transmission and reflection coefficient used in [1] are defined as
In contrast, our transmission and reflection coefficient are defined by
From (13), one finds that:
and similar relations for the 'TM' case.
The same relation links the elementary reflection and transmission coefficients appearing in [1] (R i,i+1 and T i,i+1 ) and those appearing in this paper ( Γ i,i+1 and T i,i+1 ). Taking this transformation into account, one can recover the expression in [1] from those presented in this paper. This yields a cross-check for our expressions.
One notes that the factor relating both definitions can vary in large proportions. This may lead to numerical problems. This was recognized by Chew who recommends a renormalization. In our approach, the coefficients are naturally normalized. Furthermore, our coefficients can be interprated as their classical TL counterpart. For example, a reflection of one means a total reflection. Such properties which ease the interpretation of the results are lost in [1] .
NUMERICAL RESULTS
We have applied the direct and TL approaches to a threelayered test case. The interfaces have a radius of one and two meters. The conductivity of the inner and outer layer is σ = 10 5 S/m. All other EM properties are equal to those of free-space.
The source is a spherical coil [4, Sec. 8.5] of radius R s = 1.5m, located in the middle of the intermediate layer. A spherical coil is designed to generate a multipole field characterized by t = T E, n = 1, m = 0, p = e. An incoming 6 and an outgoing multipole are generated, respectively for R < R s and R > R s .
The ratio between the incoming and outgoing multipole can be found by enforcing the continuity of the tangential electric field on the source sphere. In contrast, due to the presence of a surface current, the magnetic field will be discontinuous on the source sphere. From this discontinuity, one can compute the current distribution and check that the current is along φ φ φ and has a sin θ distribution as expected for a spherical coil.
In Fig. 3 , we show H r on the x-axis and H θ and E φ on the z-axis because, from (3), it is apparent that for the considered multipoles, the electrical field is along φ φ φ and has 6 for low frequencies the magnetic field inside the source sphere is homogeneous and directed along b z z z . This requirement usually motivates the use of a spherical coil Figure 3 . Magnetic and electric field for spherical coil in free space surrounded by two conducting shells. Real part of H r (--) on z-axis and real part of H θ (-.-) and E φ (-) on x-axis an amplitude varying as sin θ werehas the magnetic field has two components, along θ θ θ and r r r respectively with a sin θ and cos θ dependency.
There is no visible difference between the fields computed by the two approaches. This and the fact that the result is in agreement with our physical understanding 7 yields a good validation of our implementation. The second example, described in Fig. 4 , aims at modeling a MD above a magnetic soil. We have shown in [3] that modeling the soil by a sphere can be advantageous to analyze the effect of the soil on the signature of a buried mine. However, to be realistic, the radius of the soil sphere must be chosen large when compared to the detector footprint. Indeed, the multipole expansion of the incident field converges fast at some distance from the source sphere-the sphere on which the coil lies-but the convergence becomes very bad when one approaches the source sphere. Keeping the height of the coil above the ground constant while increasing the soil sphere radius, the air-soil interface penetrates deeper into the slowconvergence region and to keep a good approximation of the incident fields at the interface, a large number of multipoles is required. On the z axis, the magnetic field is vertical and for large soil sphere radius, it should converge to the field in a half-space configuration. The half-space solution is compared to a multipole expansion to order 50, 200 and 500.
The maximum order for which the direct approach can be used is 54. Above, numerical problems occur. The TL approach does not have this limitation and developments of order 1000 and more have been computed.
For order 200, the field is well approximated below the interface. For order 500 and above, there is no visible difference between the half-space solution and the multipole expansion. The discontinuity visible for low-order approximations is due to the fact that the exact incident field is used inside the source region instead of its multipole expansion. The discontinuity then indicates that the incident field is not well approximated by the multipole expansion. This is further highlighted when compared to the half-space solution.
To understand the origin of the numerical problems in the direct approach, we first note that according to (10) [2] , the amplitude of the incident multipoles are 8 :
where I TX is the coil current and the other parameters are shown in Fig. 4 .
At low frequencies, the small-argument approximation of the Hankel function can be used yielding ρ −n−1 which increases quite fast with n. For large orders, a numerical underflow will occur. In the TL approach, the incident modal electric field is used instead of the multipole amplitude. The field at the interface is proportional to ← − α TE e0n j n (kR soil ). Using again the small-argument approximation, the field at the interface is proportional to (R soil /R TX ) n which decreases slowly with n because the radius ratio is close to one. Therefore, the excitation required for the TL approach can be computed up to high order without numerical underflows.
To mitigate the problem in the direct approach, one could renormalizes the multipoles, choosing N 1 in a way that the electric field at the soil interface is equal to one for all orders. However, the fast decay of the incident multipole amplitude is not the only numerical problem of the direct approach. For reasons similar to those discussed above, the amplitude of the coefficient in the matrix that must be inverted span several orders of magnitude, leading to an ill-conditioned system. Additional conditioning techniques were introduced in the code, but even so, the direct approach fails much faster than the TL approach.
The expressions that must be computed in the TL approach also include Bessel functions which can take extreme values. Numerical saturation can however easily be avoided by using small or large argument development of the Bessel functions. Taking the TE outgoing impedance for example, Equ. (16) shows that for small ρ, this impedance is proportional to ρ.
We conclude this section by noting that numerical problems can also occur for low order developments. A typical example is a good conductor in an homogeneous field. In the conductor, the wavenumber k becomes complex and very large for high conductivity. The Bessel function h n (kR conductor ) will then overflow. The problem can again be solved in the TL approach using big argument approximation of the Bessel functions. For the direct approach a solution is to consider the corresponding layer as perfect electric conductor (PEC) and to modify the boundary condition accordingly. This however complicates the code as both PEC and non-PEC boundary conditions must be implemented and requires to define a conductivity threshold.
CONCLUSION
A TL formalism has been developed to solve the layered sphere problem. In this formalism, the reflection coefficients are propagated from the inner to the outer layer and from the outer to the inner layer. The voltages, from which the fields can be computed, are then propagated from the source layer both towards the inner and outer sphere. The expressions are general and allow for any source distribution in any layer. This is in contrast with many expressions found in the literature which are specific to a given source such as a dipole or a plane wave.
The expression obtained have been compared with those presented in [1] where reflection and transmission coefficients are also defined but the TL analogy is not introduced. Using the TL formalism, the elementary reflection and transmission coefficients receive a more compact expression by the use of characteristic impedances. We have shown that the coefficients used in [1] and those used in this paper are equal up to a multiplicative factor. Our coefficients can be interprated as their classical TL counterpart. For example, a reflection of one means a total reflection. Those properties which ease the interpretation of the results are lost in [1] . Furthermore, the multiplicative factor can vary in large proportionsand may lead to numerical problems when computing the expressions appearing in [1] .
We have compared the two approaches on a problem representative of a MD above a magnetic soil for which a high order development is required. We have shown that the TL problem yields accurate results whereas the direct approach fails.
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